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GEOMETRIC ANALYSIS OF HYPER-STRESSES
REUVEN SEGEV
ABSTRACT. A geometric analysis of high order stresses in continuum me-
chanics is presented. Virtual velocity fields take their values in a vector bundle
W over the n-dimensional space manifold. A stress field of order k is repre-
sented mathematically by an n-form valued in the dual of the vector bundle
of k-jets ofW . While only limited analysis can be performed on high order
stresses as such, they may be represented by non-holonomic hyper-stresses,
n-forms valued in the duals of iterated jet bundles. For non-holonomic hyper-
stresses, the analysis that applies to first order stresses may be iterated. In order
to determine a unique value for the tangent surface stress field on the bound-
ary of a body and the corresponding edge interactions, additional geometric
structure should be specified, that of a vector field transversal to the boundary.
1. INTRODUCTION
The theory of hyper-stresses in continuum mechanics, e.g. Toupin (1962,
1964); Mindlin (1964, 1965), accounts for phenomena not accounted for by the
standard theory of stresses, such as edge interactions and surface tension. Al-
though five decades have passed since this pioneering body of work has been
published, various aspects of higher-order continuum mechanics are still un-
der current research, e.g. dell’Isola et al. (2012, 2015); Fosdick (2016); Mariano
(2007); Münch and Neff (2016); Podio-Guidugli (2015).
This work is concerned with geometric analysis of smooth stresses of order k
in continuummechanics. In Segev (1986), for the setting where both the body
B and space Sobjects of continuummechanics are modeled as general differen-
tiable manifolds, a hyper-stress theory was proposed in which the fundamental
object is the configuration space Q containing all Ck-embeddings of the body
into space. Using results on manifolds of mappings (e.g. Palais (1968); Michor
(1980); Hirsch (1976)), it follows that the configuration space may be given the
structure of a Banach manifold. The tangent space TκQ , at a generic configu-
ration of the body κ : B → S, is interpreted physically as the space of virtual
velocities. It may be identified with the space of Ck-sections, vector fields, of
some vector bundleW , where the space of sections is equipped with the Ck-
topology. A generalized force F of order k at the configuration κ is defined to
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be a continuous linear functional on the tangent space TκQ and the value of the
action of a force on a generalized velocity is interpreted as the corresponding
virtual power.
It is shown there that forces may be represented by measures valued in the
dual of the k-jet bundle, JkW , ofW . Locally, these measures are represented
by a collection of tensors valued measures of orders 1 to k. These representing
measures are referred to as variational (hyper-) stresses. The relation between
a force system containing the forces of order k on all subbodies of B and a k-
hyper-stress field, the analog of Cauchy’s postulates, is studied in Segev (1986);
Segev and DeBotton (1991) for the general case of stress fields that are as irreg-
ular as measures.
In the smooth case, the measures of the variational stress are represented by
smooth sections S of the fiber bundle L
(
JkW ,
∧nT ∗B) = (JkW )∗⊗∧nT ∗B so that
the value of the stress field at a point x ∈ B is a linearmapping (JkW )x →
∧nT ∗B.
Thus, the power expended by the force F for the generalized velocityw is given
by
F (w) =
∫
B
S(jkw), (1.1)
where S(jkw) is the n-form whose value at x ∈ B is S(x)(jkw(x)), so that the
integration above is well defined.
For the standard continuum mechanics case, k = 1, a procedure given in
Segev (2002, 2013) and outlined in Section 3, makes is possible to write (1.1) in
the form
F (w) =
∫
B
b(w) +
∫
∂B
t(w), (1.2)
where b, the body force, is a section of L
(
W ,
∧nT ∗B) , satisfies
divS + b = 0, in B, (1.3)
and t, the surface force, satisfies a generalization of Cauchy’s formula
ρ ◦ σ = t, on ∂B. (1.4)
Here, σ , the traction stress, is a section of L
(
W ,
∧n−1T ∗B) that generalizes the
Cauchy stress, and ρ is the restriction of forms defined on TB to T∂B. The
traction stress is determined by the variational stress. It is emphasized that for
the setting of general manifolds, two distinct objects represent the two functions
of the classical stress object, namely, acting on derivative of velocities to produce
power, and determining the surface force for various subbodies. The divergence
operator for manifolds, as mentioned above and defined below, generalizes the
standard divergence operator of second order tensors.
In this paper we study the geometric structure required to provide the anal-
ogous construction for smooth hyper-stresses of order k. In particular, we con-
sider the geometric structure needed to determine the edge interactions induced
by hyper-stresses using integral transformations in analogy with the analysis in
dell’Isola et al. (2012, 2015). It is shown below that the setting of iterated jet
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bundles, J 1(J 1W ) for instance, is preferable to that of higher jet bundles, for in-
stance, J 2W , respectively. Using iterated jet bundles makes it possible to apply
the procedure for standard continuum mechanics, inductively.
Hyper-stresses in bodies induce tangent surface stresses on the correspond-
ing boundaries. However, it is shown that on general differentiable manifolds,
the induced surface stress, and hence the edge interactions, are not unique.
For the unique determination of the tangent surface stress, one needs at least
some specified vector field which is transversal to the boundary or an equivalent
structure. The situation is similar to that described in Epstein and Tene (1973);
Epstein and de León (1998), where shell theory is considered. Evidently, for
the case of a Riemannian manifold, the unit normal vector field provides such
a transversal field naturally.
Section 2 introduces the relevant terminology and notation used for jet bun-
dles associated with vector bundles. Section 3 reviews the relevant constructions
of Segev (2002) regarding smooth stress distributions on manifolds as outlined
above. Section 4 is concerned with hyper-stresses of order k, their represen-
tations and their invariant components. Some of the difficulties related to the
analysis of hyper-stresses are indicated. Section 5 considers iterated jet bun-
dles (see Saunders (1989)). Iterated jet bundles are of interest as their sections
may have additional forms of incompatibility in comparison with sections of jet
bundles. Forms valued in the duals of iterated jet bundles are referred to here
as non-holonomic hyper-stresses. These are considered in Section 6. Due to
the inductive nature of iterated jet bundles, it is sufficient to study the proper-
ties of the iterated jet bundle J 1(J 1W ). The vector bundleW itself may be a jet
bundle, or an iterated jet bundle, of some other vector bundle. It is noted that
every hyper-stress may be represented by non-holonomic hyper-stresses. The
properties of non-holonomic hyper-stresses, in particular, the corresponding
integral transformations associated with their action, are analyzed in this sec-
tion for the case of general manifolds. Section 7 shows how the introduction of
a particular vector field which is transversal to the boundary of a body induces
a unique stress of a lower order on the boundary. Finally, in Section 8, the edge
interactions induced by the non-holonomic hyper-stress are computed.
2. NOTATION AND PRELIMINARIES
All manifolds considered here are viewed as chains or manifolds with corners
so that we may use the Stokes theorem for integration of forms.
2.1. Jets in general. We will use the same scheme of notation as in Segev
(2013) and we will ofter use the same notation for a mapping and variables in
the co-domains thereof. Let π :W → Sbe a vector bundle, a sectionw : S→W
of π is represented locally in the form
(x1, . . . ,xn) 7−→ (x1, . . . ,xn ,w1(x i ), . . . ,wd (x i )), (2.1)
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where (x1, . . . ,xn) is a local coordinate system, and a local basis {д1, . . . ,дd }was
used for the fibers ofW . Let I = (i1, . . . , in), for non-negative integers i j , be a
multi-index and let |I | =
∑n
j=1 i j . We use the notation
∂ |I |
∂x I
=
∂ |I |
∂x i1 · · · ∂x in
. (2.2)
Two sections w and w ′ have the same k-jet at x0 ∈ S if
∂ |I |wα
∂x I
(x i0) =
∂ |I |w ′α
∂x I
(x i0) (2.3)
for all I such that |I | 6 k and all α = 1, . . . ,d. Clearly, if this condition holds
in one vector bundle chart in a neighborhood of x0, it will hold in any other
chart and it induces an equivalence relation on the vector space Ck (W ) = Ck (π )
of Ck-sections of the vector bundle. An equivalence class for this relation is a
k-jet at x0. Given a section w , the jet it induces at x0—the jet of w at x0—will
be denoted as jk (w)(x0). Given a chart in a neighborhood of x0, jk (w)(x0) is
represented by {
wα
, I
(x0) :=
∂ |I |wα
∂x I
(x i0) | |I | 6 k, α = 1, . . . ,d
}
. (2.4)
The collection of all k-jets at x0 ∈ S is the k-jet space of the vector bundle at
x0 and is denoted as Jkx0W . The k-jet bundle J
kW is the collection of all k-jets
at the various points in S so that
JkW =
⋃
x ∈S
JkxW . (2.5)
By convention, J 0W =W . A natural vector bundle structure
πk : JkW −→ S, (2.6)
is available on the jet bundle by which πk (A) = x if A ∈ JkxW . The linear
structure on the fibers is given by a1A1 + a2A2 = jk (a1w1 + a2w2)(x), for A1, A2
in JkxW , a1,a2 ∈ R, and representing sections w1 and w2. Evidently, the result
is independent of the choice of representative sections. The fiber JkxW of this
vector bundle over x ∈ S is isomorphic with
Wx ⊕ L
(
TxS,Wx
)
⊕ · · · ⊕ L
p
S
(TxS,Wx ) ⊕ · · · ⊕ L
k
S (TxS,Wx ), (2.7)
where Lp
S
(TxS,Wx ) denotes the vector space of p-multilinear symmetric map-
pings from TxS toWx . Thus, an element in JkxW is represented locally in the
form
(A0α0 ,A
1α1
I 1
, . . . ,A
pαp
I p
, . . . ,A
kαk
I k
) = (A
pα
I
), (2.8)
where p = 0, . . . ,k,
Ip  = p, α = (α0, . . . ,αk ), αp = 1, . . . ,d, and evidently, A0α0
represents an element ofWx . Each section w ofW induces a section jkw of the
k-th jet bundle and if fact we have a continuous linear injection
jk : Ck (W ) −→ C0(JkW ), (2.9)
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where Cp (U ) represents the vector space of sections of the vector bundle U of
class p. For additional information on jet bundles, some of which will be used
in the following sections, see Saunders (1989).
A jet bundle has also the natural projections
πkp : J
kW −→ JpW , 0 6 p 6 k, (2.10)
characterized by πkp (A) = j
p(w)(x) where x = πk (A) and w is any section ofW
that represents A. The mapping πkp is a vector bundle morphism over S.
Let ϕ : W → U be a fiber bundle morphism over the base manifold S. For
an element A ∈ JkW , represented by jkw(x), where w is a section of W , set
jkϕ(A) = jk (ϕ ◦w)(x) ∈ JkU . In this way, one defines the k-lift of ϕ, the vector
bundle morphism
jkϕ : JkW −→ JkU . (2.11)
Evidently,
πkp ◦ j
kϕ = jpϕ ◦ πkr . (2.12)
2.2. Vertical sub-bundles. For 0 6 r < k, we say that A ∈ JkU |x is r-vertical
if for one (and hence any) section u representing A, jru(x) = 0, or equivalently,
if πkr (A) = 0. If A is r-vertical, then, its local representatives satisfy A
pα
I
= 0 for
all p = |I | 6 r . Thus, locally
V r JkU |x  L
r+1
S (TxS,Ux ) ⊕ · · · ⊕ L
k
S (TxS,Ux ). (2.13)
The collection of r-vertical elements is a vector sub-bundle of the jet bundle
and we denote it byV r JkU , i.e.,V r JkU = Kernelπkr . One has the natural vector
bundle inclusion
ιrV : V
r JkU → JkU . (2.14)
For the particular case of the first jet bundle J 1U , the only vertical sub-bundle
is V 0 J 1U , and we will often omit the zero superscript and write just V J 1U .
For the case, r = k − 1, one has a natural isomorphism
V k−1 JkU |x  L
k
S (TxS,Ux ), V
k−1 JkU  LkS (TS,U ). (2.15)
The vertical subbundle V k−1 JkU will be referred to as the completely vertical
sub-bundle of the k-jet bundle. In the particular case k = 1, r = 0, it follows
that V J 1U is naturally isomorphic with L(TS,U ).
Remark 2.1. In view of (2.13), one may be tempted to view elements of V r JkU
as elements of Jk−r−1(Lr+1S (TS,U )). However, it may be easily verified that there
is no such invariant correspondence.
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2.3. Some details on 1-jets. Let w : S → W be a section of π : W → S,
then, j1w(x), x ∈ S, is represented locally in the form (x i ,wα (x),wβ
, j (x)), and
π 10 (j
1w(x)) is obviously w(x) which is represented locally in the form (x i ,wα ).
The tangent at x to the section w , Txw : TxS→ Tw (x )W , is represented locally
by
(x i ,v j ) 7−→
(
x i ,wα (x),v j ,
∑
kw
β
,k
vk
)
. (2.16)
Since Tπ : TW → TS is represented locally by (x i ,wα , Ûx j , Ûwβ ) 7→ (x i , Ûx j ), any
linear mapping A˜ : TxS→ Tw (x )W satisfying the conditionTπ ◦ A˜ = Id, induces
a unique element A ∈ J 1Wx with π 10 (A) = w(x).
Let V be a submanifold of S and for the natural embedding ιV : V → S,
let TιV : T V → TS be the tangent mapping. Thus, with i, j = 1, . . . ,n
and a,b = 1, . . . , dim V, ιV is represented in the form (ya ) 7→ (ιiV(y
a)) and
TιV is represented by (ya , Ûyb ) 7→
(
ιi
V
(ya ),
∑
bι
j
V,b
Ûyb
)
. One has the pullback
ι∗
V
π : ι∗
V
W → V, of the vector bundle π onto V, the natural inclusion π ∗ιV :
ι∗
V
W →W , its tangent T (π ∗ιV) : T (ι∗VW ) → TW , the mapping ι
∗
Vπ
: C1(π ) →
C1(ι∗
V
(π ))—which is simply the restriction of sections of π to V, and the cor-
responding jet bundle π 1(ι∗
V
π ) : J 1(ι∗
V
W ) → V. Thus, we will often use
the notationW |V for the pullback. Locally, π ∗ιV is represented in the form
(ya ,uα ) 7→ (ιi (ya ),uα ), andT (π ∗ιV) is represented in the form (ya ,uα , Ûyb , Ûuβ ) 7→(
ιi (ya ),uα ,
∑
b ι
j
V,b
Ûyb , Ûuβ
)
. Similarly, one may consider the pullback ι∗
V
(π 1) :
ι∗
V
(J 1W ) → Vwith the natural inclusion π 1∗(ιV) : ι∗V(J
1W ) → J 1W .
There is a natural restriction mapping ρ = j1 ◦ ι∗
Vπ
: ι∗
V
(J 1W ) → J 1(ι∗
V
W )
whereby j1w(y) 7→ j1(ι∗
Vπ
w)(y), y ∈ V, and it is noted that j1 on the right is
the jet extension on the submanifold Vwhich we may also write as j1
V
.
3. SIMPLE STRESSES
As a primitive mathematical object pertaining to stress theory for continuum
mechanics of order 1 we take the variational stress, a smooth section S of the
vector bundle L(J 1W ,
∧nT ∗S) for some vector bundleW → S, where ∧nT ∗S
is the vector bundle of n-alternating covariant tensors over S. For motivation,
see Segev (1986, 2002, 2013). In particular, for an n-dimensional submanifold
with boundary B ⊂ S, one is interested in the linear functional, the force,
FB : w 7−→
∫
B
S(j1w) (3.1)
which is interpreted as the virtual power performed by the variational stress
S for the virtual generalized velocity field w inside the region B. Here, the jet
extension ofw generalizes the traditional gradient to the setting of differentiable
manifolds.
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Locally, S is represented in the form (x i ,S01. . .nα ,S
1j
1. . .nα ), or in detail, denoting
the natural base vectors induced by a chart as ∂i = ∂/∂x i , the local representa-
tion is (∑
α
S01. . .nα +
∑
i,α
S1i1. . .nα ⊗ ∂i
)
⊗ дα ⊗ (dx1 ∧ · · · ∧ dxn). (3.2)
Consequently, S(j(w)) is represented locally by(∑
α
S01. . .nαw
α
+
∑
i,α
S1i1. . .nαw
α
,i
)
dx1 ∧ · · · ∧ dxn . (3.3)
For a vector bundle V → S, let
∧p (T ∗S,V ) denote the bundle of V -valued
p-forms, i.e., the vector bundle over Swhose fiber at x is the vector space of
p-alternating multilinear mappings from TxS toVx . Consider the isomorphism
tr :
∧p(T ∗S,V ∗) −→ L(V ,∧pT ∗S) (3.4)
defined as follows. For T ∈
∧p (T ∗S,V ∗), T tr = tr(T ) is given by
T tr(v)(u1, . . . ,up) = T (u1, . . . ,up)(v). (3.5)
Thus, for a variational stress S one may consider ST = tr−1(S)—an n-form on S
valued in the dual of the jet bundle.
3.1. Traction stresses. Consider the inclusion ιV : V J 1W → J 1W . Then, the
dual vector bundle morphism ι∗V : (J
1W )∗ → (V J 1W )∗  L
(
W ,TS
)
is a projec-
tion represented locally in the form (x i , rp ,Riq) 7→ (x
i ,Riq)—the restriction of R ∈
(J 1W )∗ to vertical elements of the jet bundle. Thus, ι∗V (R)(A), A ∈ V J
1W , is rep-
resented by
∑
i,q R
i
qA
q
i . Similarly, for a section S of L
(
J 1W ,
∧nT ∗S), ι∗V (S) := ι∗V ◦
S , a section of L
(
V J 1W ,
∧dT ∗S), is given by ι∗V (S)(x)(A) = S(x)(ιV (A)) ∈ ∧nT ∗xS.
The evaluation ι∗V (S)(x)(A) is represented by
∑
j,α S
1j
1. . .nα (x)A
α
j dx
1 ∧ · · · ∧ dxn
and so ι∗V (S) is represented in the form w∑
j,α
S
1j
1. . .nα ∂j ⊗ д
α ⊗ (dx1 ∧ · · · ∧ dxn). (3.6)
The object ι∗V (S) is the symbol of the linear differential operator S as defined in
Palais (1968).
Using the isomorphism V J 1W  L
(
TS,W
)
, we view ι∗V (S) as a section of
L
(
L
(
TS,W
)
,
∧nT ∗S)  L(TS,W )∗ ⊗ ∧nT ∗S,
 L
(
W ,TS
)
⊗
∧nT ∗S,
W ∗ ⊗ TS⊗
∧nT ∗S. (3.7)
It follows that a section of
∧n(T ∗S, L(W ,TS)) may be represented locally in the
form
∑
a φ
a ⊗ va ⊗ θ for an n-form θ and pairs va , φa of sections of TS andW ∗,
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respectively. We can use the contraction of the second and first factors in the
product to obtain
∑
a φ
a ⊗ (vay θ ). Thus, we have a natural mapping
C : L
(
L
(
TS,W
)
,
∧nT ∗S) −→W ∗ ⊗ ∧n−1T ∗S
 L
(
W ,
∧n−1T ∗S) . (3.8)
The mapping C is represented locally by∑
j,α
S
1j
1. . .nα ∂j⊗д
α ⊗(dx1∧· · ·∧dxn) 7−→
∑
j,α
S
1j
1. . .nαд
α ⊗
(
∂jy (dx1 ∧ · · · ∧ dxn)
)
,
=
∑
j,α
(−1)j−1S1j1. . .nαд
α ⊗ (dx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn), (3.9)
where a superimposed “hat” indicates the omission of the specified term.
The mapping
pσ := C ◦ ι∗V : L
(
L
(
TS,W
)
,
∧nT ∗S) −→ L(W ,∧n−1T ∗S) (3.10)
associates a section σ = pσ ◦ S of L
(
W ,
∧n−1T ∗S) with a variational stress S .
We refer to a section of L
(
W ,
∧n−1T ∗S) as a traction stress. Such a section is
represented locally by (x i ,σ1. . . ̂ . . .nα (x j )), or specifically, by∑
k,r
σ1. . . ̂ . . .nαд
α ⊗ (dx1 ∧ · · · ∧ d̂x  ∧ · · · ∧ dxn). (3.11)
The transposed, σT, is represented by∑
j,α
σ1. . . ̂ . . .nα (dx
1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn) ⊗ дα (3.12)
and σ (w) is represented locally by∑
j,α
σ1. . . ̂ . . .nαw
αdx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn . (3.13)
We conclude that in case σ = pσ (S), then,
σ1. . . ̂ . . .nα = (−1)
j−1S
1j
1. . .nα . (3.14)
For each (n − 1)-dimensional oriented submanifold V⊂ S, in particular, the
boundary ∂B of an n-dimensional submanifold with boundary B ⊂ S, one may
integrate σ (w) over V, and evaluate∫
V
ι∗
V
(σ (w)). (3.15)
Here, ιV : V→ S is the natural inclusion so that ι∗V is the restriction of forms.
We conclude that
tV = ι∗V ◦ σ (3.16)
is the surface force induced by σ and the integral above represents the power
produced by the traction. The relation (3.16) is a generalization of the tradi-
tional Cauchy formula.
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3.2. The divergence of stress and field equations. The divergence, div S ,
of the variational stress field S is a section of L
(
W ,
∧nT ∗S) which is defined
invariantly by (see Segev (2002, 2013))
divS(w) = d (pσ (S)(w)) − S(j1(w)), (3.17)
for every differentiable vector field w . To present the local expression for div S
we first note that if σ = pσ (S), then d(σ (w)) is represented locally by
∑
j,α
d(σ1. . . ̂ . . .nαw
α ) ∧ dx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn
=
∑
i, j,α
(σ1. . . ̂ . . .nαw
α ),idx i ∧ dx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxα ,
=
∑
j,α
(σ1. . . ̂ . . .nαw
α ), j (−1)j−1dx1 ∧ · · · ∧ dxn ,
=
∑
j,α
(S
j
1. . .nαw
α ), jdx1 ∧ · · · ∧ dxn .
(3.18)
Using Equation (3.3), the local expression for divS(w) is therefore
∑
j,p
[
(S
j
1. . .nαw
α ), j −
(∑
α
R1. . .nαw
α
+
∑
j,α
S
j
1. . .nαw
α
, j
)]
dx1 ∧ · · · ∧ dxn
=
∑
j,α
(S
j
1. . .nα, j − R1. . .nα )w
αdx1 ∧ · · · ∧ dxn (3.19)
so that div S is represented locally by∑
j,α
(S
j
1. . .nα, j − R1. . .nα )д
α ⊗ (dx1 ∧ · · · ∧ dxn). (3.20)
It is noted that in the case where R1. . .nα = 0 locally, the expression for the
divergence reduces to the traditional expression for the divergence of a tensor
field in a Euclidean space.
Given a variational stress S , and setting
b = − divS, (3.21)
for every n-dimensional submanifold with boundary B ⊂ S, a force FB may be
represented in the form
FB(w) =
∫
B
S(j(w)) =
∫
B
b(w) +
∫
∂B
t∂B(w) (3.22)
which is our generalization of the principle of virtual work.
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4. HIGH ORDER STRESSES
For continuummechanics of order greater than one, the fundamental object
we consider is the k-th order variational stress which is a smooth section of
the vector bundle L(JkU ,
∧nT ∗S)  (JkU )∗ ⊗ ∧nT ∗S, for some vector bundle
U → S, sections of which are interpreted as virtual generalized velocities. (See
Segev (1986) and Segev and DeBotton (1991) for motivation.) Thus, the virtual
power performed by a k-th order variational stress S for the virtual generalized
velocity u in a body B ⊂ S is given by the action of the functional
FB : u 7−→
∫
B
S(jku). (4.1)
Observing (2.7), it follows that the fiber, L(JkU ,
∧nT ∗S)x of L(JkU ,∧nT ∗S) at
x ∈ S is isomorphic with(
U ∗x ⊕ L
(
TxS,Ux
)∗
⊕ · · · ⊕ L
p
S
(TxS,Ux )
∗ ⊕ · · · ⊕ LkS (TxS,Ux )
∗
)
⊗
∧nT ∗xS, (4.2)
where the isomorphism depends on the charts used. Let Sp denote the compo-
nent of the representative of S in Lp
S
(TS,W )∗ ⊗
∧nT ∗S. It follows that the stress
may be represented locally in the form (S0,S1, . . . ,Sk ), where Sp is an array in
the form SpI1. . .nα , and I is a multi-index with |I | = p. The action S(A) for an
element A ∈ JkU is given by∑
p= |I |6k, α
S
pI
1. . .nαA
pα
I
dx1 ∧ · · · ∧ dxn . (4.3)
For A = jku,
S(A) =
∑
p= |I |6k, α
S
pI
1. . .nαu
α
, I
dx1 ∧ · · · ∧ dxn . (4.4)
Explicitly, S is given locally in the form∑ (
S01. . .nα + S
1i1
1. . .nα ∂i1 + · · · + S
ki1 . . .ik
1. . .nα ∂i1 ⊗ · · · ⊗ ∂ik
)
⊗ дα ⊗ dx1 ∧ · · · ∧ dxn ,
(4.5)
and the action is
S(A) =
∑
S
pi1 . . .ip
1. . .nα u
α
,i1 . . .ip
dx1 ∧ · · · ∧ dxn , (4.6)
where the sums are taken over all i1, . . . , ik = 1, . . . ,n, and p = 0, . . . ,k. Evi-
dently, the arrays S
pi1 . . .ip
1. . .nα are symmetric in all i indices.
It is our objective to represent the virtual power for high order stresses (4.1)
in a form analogous to (3.22). .
4.1. Significant components of hyper-stresses. The inclusion ιr
V
(2.14) of
the vertical subbundles induces a projection
ιr∗V : L(J
kU ,
∧nT ∗S) −→ L(V r JkU ,∧nT ∗S), (4.7)
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by ιr∗
V
(S) := S ◦ιr
V
. Evidently, the representatives of ιr∗
V
(S) depend only on SpI1. . .nα
for p > r . In fact, L(V r JkU ,
∧nT ∗S)|x is isomorphic with(
Lr+1S (TxS,Ux )
∗ ⊕ · · · ⊕ LkS (TxS,Ux )
∗
)
⊗
∧nT ∗xS. (4.8)
Specifically, for the representation of a hyper-stress S as in (4.5), ιr∗
V
(S) is∑ (
S
r+1i1 . . .ir+1
1. . .nα ∂i1 ⊗ · · · ⊗ ∂ir+1 + · · ·+
S
ki1 . . .ik
1. . .nα ∂i1 ⊗ · · · ⊗ ∂ik
)
⊗ дα ⊗ dx1 ∧ · · · ∧ dxn . (4.9)
In particular, for the case r = k − 1, one has a natural isomorphism
L(V k−1 J iU ,
∧nT ∗S)  LkS (TS,U )∗ ⊗ ∧nT ∗xS (4.10)
and a natural
ιk−1∗V : L(J
kU ,
∧nT ∗S) −→ LkS (TS,U )∗ ⊗ ∧nT ∗xS. (4.11)
which isolates the significant high-order components ofk-order stresses. When
stresses are viewed as linear differential operators, the significant components
are the symbols of the differential operators in the terminology of Palais (1968).
For the particular case r = 0, one has, locally,
V 0 JkU |x  L
1
S (TxS,Ux ) ⊕ · · · ⊕ L
k
S (TxS,Ux ) (4.12)
and
ι0∗V : L(J
kU ,
∧nT ∗S) −→ L(V 0 JkU ,∧nT ∗S). (4.13)
Thus, ι0∗
V
(S) is represented locally by an element of [L1(TS,U )∗⊕· · ·⊕Lk
S
(TS,U )∗]⊗∧nT ∗S.
Remark 4.1. In order to continue the reduction process in analogy with Sec-
tion 3, one may consider performing a contraction operator in analogy with
Equation (3.8) so that C(ιr∗
V
(S)) be represented locally by∑ (
S
r+1i1 . . .ir+1
1. . .nα ∂i2 ⊗ · · · ⊗ ∂ir+1 + · · ·+
S
ki1 . . .ik
1. . .nα ∂i2 ⊗ · · · ⊗ ∂ik
)
⊗ дα ⊗
(
∂i1y dx
1 ∧ · · · ∧ dxn
)
. (4.14)
However, the simplest case of L(V 0 J 2U ,
∧nT ∗S)may serve as a counter-example.
Let S ∈ L(V 0 J 2U ,
∧nT ∗S) be represented in two charts (x i ,uα ) and (x i′ ,uα ′) so
that uα
′
= Aα
′
α u
α , in the forms
S =
∑
i, j,α
(S1i1. . .nα ∂i + S
2i j
1. . .nα ∂i ⊗ ∂j ) ⊗ д
α ⊗ (dx1 ∧ · · · ∧ dxn)
=
∑
i′, j′,α ′
(S1i
′
1′. . .n′α ′∂i′ + S
2i′j′
1′. . .n′α ′∂i
′ ⊗ ∂j′) ⊗ д
α ′ ⊗ (dx1
′
∧ · · · ∧ dxn
′
).
(4.15)
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Thus, one might consider defining C(S) locally by∑
i′, j′,α ′
(S1i
′
1′ . . .n′α ′ + S
2i′j′
1′. . .n′α ′∂j′) ⊗ д
α ′ ⊗ (∂i′y (dx1
′
∧ · · · ∧ dxn
′
)) (4.16)
with an analogous expression for the representation in terms of (x i ,uα ).
We have the following transformations.
uα
′
,i′ =
∑
α,i
(Aα
′
α,ix
i
i′u
α
+Aα
′
α u
α
,ix
i
,i′), (4.17)
uα
′
,i′j′ =
∑
α,i, j
[
(Aα
′
α,i jx
i
,i′x
j
, j′ +A
α ′
α,ix
i
,i′j′)u
α
+
(2Aα
′
α, jx
j
,i′x
i
, j′ +A
α ′
α x
i
,i′j′)u
α
,i +A
α ′
α x
i
,i′x
j
, j′u
α
,i j
]
. (4.18)
Comparing the local expressions for S(j2u(x)) for a section u with u(x) = 0, and
using
dx1
′
∧ · · · ∧ dxn
′
= Jdx1 ∧ · · · ∧ dxn , J = det(x i
′
,i ), (4.19)
one obtains
S1i1. . .nα = J
∑
α ′,i′, j′
[
S1i
′
1′. . .n′α ′A
α ′
α x
i
,i′ + S
2i′j′
1′ . . .n′α ′(2A
α ′
α, jx
j
,i′x
i
, j′ +A
α ′
α x
i
,i′j′)
]
, (4.20)
S
2i j
1. . .nα = J
∑
α ′,i′, j′
S
2i′j′
1′. . .n′α ′A
α ′
α x
i
,i′x
j
j′ . (4.21)
Substituting these relations into the analog of Equation (4.16) gives∑
i, j,α
(S1i1. . .nα + S
2i j
1. . .nα ∂j ) ⊗ д
α ⊗ (∂i y (dx1 ∧ · · · ∧ dxn))
= J
∑
α ′,i′, j′
[
S1i
′
1′. . .n′α ′A
α ′
α x
i
,i′ + S
2i′j′
1′. . .n′α ′(2A
α ′
α, jx
j
,i′x
i
, j′ +A
α ′
α x
i
,i′ j′)
+ S
2i′j′
1′. . .n′α ′A
α ′
α x
i
,i′x
j
j′x
k′
, j ∂k′
]
⊗ Aαβ ′д
β ′
⊗ (x l
′
,i ∂l ′y (dx
1′ ∧ · · · ∧ dxn
′
)/J ). (4.22)
The last expression is not of the form (4.16) because of the second term in the
sum. We conclude, therefore, that the proposed definition of the contraction is
not invariant. In fact, had the contraction been invariant, this would imply an
invariant decomposition S 7→ (S1,S2).
Remark 4.2. One could also consider applying the contraction to an element S
of L(V k−1 JkU ,
∧nT ∗S) = L(Lk
S
(TS,U ),
∧nT ∗S). Thus, for a representation
S =
∑
α,i1, . . .,ik
S
ki1 . . .ik
1 · · ·nα ∂i1 ⊗ · · · ⊗ ∂ik ⊗ д
α ⊗ (dx1 ∧ · · · ∧ dxn), (4.23)
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one may set C(S) ∈ L(Lk−1
S
(TS,U ),
∧n−1T ∗S) by
C(S) =
∑
α,i1, . . .,ik
S
ki1 . . .ik
1 · · ·nα ∂i2 ⊗ · · · ⊗ ∂ik ⊗ д
α ⊗ (∂i1y (dx
1 ∧ · · · ∧ dxn)). (4.24)
While this definition is invariant, it does not lead to any meaningful result be-
cause we do not have an object in Lk−1
S
(TS,U ) to apply C(S) to. In particular,
it is observed that the only section of U whose jet is r-vertical, for any r , is the
zero section. As we will show below, further contractions vanish due to the
symmetry of Ski1 . . .ik1 · · ·nα relative to the i-indices.
Another unsuccessful attempt would be to identify elements of V p JkU as
elements of Jk−p−1(Lp+1
S
(TS,U )). Again, a local expression may be shown to be
non-invariant.
A way to overcome these difficulties will be suggested below by embedding
the space of k-jets in the space of iterated jets.
5. ITERATED JET BUNDLES
The method proposed below for manipulating hyper-stresses uses the repre-
sentation of hyperstresses by non-holonomic hyper-stresses, which are defined
on iterated jet bundles. This section describes the basic definitions associated
with iterated jet bundles.
5.1. The iterated jet bundle J 1(J 1U ). Since for any vector bundle U , W =
J 1U → S is also a vector bundle, one may consider the vector bundle J 1W =
J 1(J 1U ) → S. In particular, using the subscript J 1U to indicate that J 1U is the
vector bundle to which the jet projections correspond, we have projections
π 10J 1U : J
1(J 1U ) −→ J 1U , π 1
J 1U
: J 1(J 1U ) −→ S. (5.1)
As any section A of J 1U , or of π 1U to be specific, is locally of the form
x 7−→ (uα (x),A
β
i (x)) = (A
0α0(x),A
1α1
i (x)), (5.2)
an element B of the iterated jet bundle at the point x ∈ S is of the form
(x i ,B0α0,B
1α1
i1
,B
2α2
i2
,B
3α3
i3i4
).
Here, (B0α0 ,B1α1i1 ) represent B0 = π
1
0J 1U
(B)—the value of a section A of J 1U at x ,
and (B2α2i2 ,B
3α3
i3i4
) represent the derivative of the section A at x , i.e.,
(B2α2i2 ,B
3α3
i3i4
) = (A0α2
,i2
,A
1α3
i3,i4
).
It is noted that there is a natural vector bundle inclusion ι : J 2U → J 1(J 1U )
such that ιx : J 2Ux → J 1(J 1U )x is given as follows. Let u be a section of U that
represents an element B ∈ J 2Ux . Then, w = j1u is a section of J 1U whose jet is
the target element ι(B) = j1w(x) = j1(j1u)(x) in J 1(J 1U ). Thus, locally,
(uα0 ,uα1
,i1
,uα2
,i1i2
) 7−→ (uα0 ,uα1
,i1
,uα2
,i2
,u
α3
,i3i4
). (5.3)
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Evidently, the result is independent of the section chosen and locally the inclu-
sion is in the form
(A0α0 ,A
1α1
i1
,A
2α2
i1i2
) 7−→ (A0α0 ,A
1α1
i1
,A
1α2
i2
,A
2α3
i3i4
). (5.4)
Thus, the image of ι contains elements for which the second and third groups
of components are identical and the components in the fourth group are sym-
metric.
It is observed finally (see (Saunders, 1989, p. 169)) that there is no natural
inverse to ι, i.e., a projection J 1(J 1U ) → J 2U .
An additional projection
j1π 10U : J
1(J 1U ) −→ J 1U , (5.5)
may be defined as follows. Consider the lift (see (2.11)) j1π 10U : J
1(J 1U ) → J 1U .
Then, if B ∈ J 1(J 1U )|x is represented by a section A of J 1U , j1π 10U (A) is given
by j1π 10U (B) = j
1(π 10U ◦A)(x). Locally, J
1π 10U is represented by
(x i ,B0α0 ,B
1α1
i1
,B
2α2
i2
,B
3α3
i3i4
) 7−→ (x i ,B0α0 ,B
2α2
i2
). (5.6)
Various levels of “compatibility” or “holonomicity” may be considered for
sections of the iterated jet bundle. Let B be a section of π 1
J 1U
and B0 = π 10J 1U ◦B.
The simplest condition requires that B0 is compatible, that is, B0 = j1u for some
section u of U . It follows that Bβ0j = u
β
, j and that π
1
0J 1U
◦ B = j1(π 10U ◦ π
1
0J 1U
◦ B).
Another compatibility condition is that B = j1A0, where A0 is a section of J 1U .
In such a case, j1(π 1
0J 1U
◦B) = B, and if (B0α0 ,B1α1i1 ) representA0, then, B
2α
i = B
0α
,i
and B3α
jk
= B1α
j,k
. If these conditions hold, one refers to B as semi-holonomic. A
section u of U induces a holonomic section B of J 1(J 1U ) by setting A0 = j1u,
B = j1A0 = j
1(j1u). In other words, j1(j1(π 10U ◦π
1
0J 1U
◦B)) = B and it is observed
that j1(j1π 10U ◦B) = j
1(π 1
0J 1U
◦B). Note that if no holonomicity is imposed, B3α3i3i4
need not be symmetric in the i3, i4 indices.
Next, we consider vertical subbundles whose sections are non-holonomic.
The projection π 1
0J 1U
determines the subbundle
V23 J
1(J 1U ) := Kernel π 10J 1U (5.7)
whose elements are of the form (x i ,B0α0 = 0,B1α1i1 = 0,B
2α2
i2
,B
3α3
i3i4
). We will
use ι23 to denote its inclusion in J 1(J 1U ). In addition, we have the vector sub-
bundle V13 J 1(J 1U ) = Kernel j1π 10U whose elements are of the form (x
i ,B0α0 =
0,B1α1i1 ,B
2α2
i2
= 0,B3α3i3i4 ). One can easily confirm that
V13 J
1(J 1U ) = Kernel j1π 10U  J
1(V J 1U ), (5.8)
where V J 1U = Kernelπ 10U . We will denote its inclusion in J
1(J 1U ) by ι13.
As a result, one has the vector subbundle of completely vertical iterated jets
V3 J
1(J 1U ) := Kernelπ 10J 1U ∩ Kernel j
1π 10U (5.9)
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whose elements are represented in the form (x i ,B0α0 = 0,B1α1i1 = 0,B
2α2
i2
=
0,B3α3i3i4 ). We will use ι3 to denote its inclusion in J
1(J 1U ). Evidently,
V3 J
1(J 1U )  L2(TS,U ). (5.10)
We conclude that there is a natural inclusion
ιS : V 1 J 2U  L2S (TS,U ) →֒ V3 J
1(J 1U )  L2(TS,U ) (5.11)
of completely vertical 2-jets in the vector subbundle of completely vertical iter-
ated jets. In addition, there is a natural projection induced by symmetrization
πS : V3 J 1(J 1U )  L2(TS,U ) −→ V 1 J 2U  L2S (TxS,Ux ), B 7−→ 12 (B + B
T ).
(5.12)
Finally, the vector subbundle V123 J 1(J 1U ) = Kernel(π 10U ◦ π
1
0J 1U
) contains
elements represented in the form (x i ,B0α0 = 0,B1α1i1 ,B
2α2
i2
,B
3α3
i3i4
). The inclusion
V123 J
1(J 1U ) →֒ J 1(J 1U ) will be denoted in analogy by ι123.
5.2. The iterated jet bundle Jp(J rU ). In more general situations, one may
consider the iterated jet bundle Jp(J rU ). Again, one has an inclusion
ι
p+r
p,r : J
p+rU →֒ Jp(J rU ) (5.13)
given as follows. Letu be a section that represents an element of (Jp+rU )x . Then,
J ru is a section of the vector bundle J rU → S, and so, jp(jru)(x) ∈ (Jp(J rU ))x .
We also observe that the q-lift of this inclusion is
jqι
p+r
p,r : J
q(Jp+rU ) −→ Jq(Jp(J rU )). (5.14)
Thus, using the inclusion ιp+r+qq,p+r : J
p+r+qU → Jq(Jp+rU ), gives the inclusions
jqι
p+r
p,r ◦ ι
p+r+q
q,p+r : J
p+r+qU →֒ Jq(Jp(J rU )). (5.15)
Evidently, one can continue inductively and include any jet bundle in a
multiply-iterative jet bundle. For a vector bundle U , we will use the notation
ιit : JkU −→ (J 1)kU := J 1(J 1(· · · · · · J 1(J 1U ) · · · ))︸                            ︷︷                            ︸
k-times
(5.16)
for the vector bundle injection of the k-th jet bundle in the k-times iterated
(J 1)kU jet bundle of U .
6. NON-HOLONOMIC HYPER-STRESSES
Just as elements of L(J 2U ,
∧nT ∗S) represent second order hyper-stresses, we
refer to elements of L(J 1(J 1U ),
∧nT ∗S) as non-holonomic hyper-stresses. The
inclusion ι : J 2U → J 1(J 1U ) induces a projection
ι∗ : L(J 1(J 1U ),
∧nT ∗S) −→ L(J 2U ,∧nT ∗S), X 7−→ X ◦ ι. (6.1)
Thus, every 2-hyper-stress may be represented by a non-holonomic hyper-
stress.
GEOMETRIC ANALYSIS OF HYPER-STRESSES 16
This argument applies also to the inclusion of the k-times iterated jet bundle
and so one has a representation
ι∗it : L((J
1)kU ,
∧nT ∗S) −→ L(JkU ,∧nT ∗S). (6.2)
For this reason, we will continue the analysis for 2-hyper-stresses only. The
general case follows inductively.
6.1. Basic properties. Anon-holonomic hyper-stress fieldmay be represented
in the form
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X
2i2
1. . .nα2
,X
3i3i4
1. . .nα3
), (6.3)
or more explicitly, in the form(∑
αX
0
1. . .nαд
α
,
∑
α,iX
1i
1. . .nα ∂i ⊗ д
α
,
∑
α,iX
2i
1. . .nα ∂i ⊗ д
α
,∑
α,i, jX
3i j
1. . .nα ∂i ⊗ ∂j ⊗ д
α
)
⊗ (dx1 ∧ · · · ∧ dxn), (6.4)
where we have omitted the indication of the dependence of the various fields
on x ∈ S.
With the notation introduced above, the action of a non-holonomic hyper-
stress on an element B of J 1(J 1U ) is given as∑
α,i, j
(
X 01. . .nαB
0α
+ X 1i1. . .nαB
1α
i + X
2i
1. . .nαB
2α
i + X
3i j
1. . .nαB
3α
i j
)
dx1∧· · ·∧dxn . (6.5)
For the case where B = j1A, for a section A of J 1U , the expression is∑
α,i, j
(
X 01. . .nαA
0α
+ X 1i1. . .nαA
1α
i + X
2i
1. . .nαA
0α
,i + X
3ji
1. . .nαA
1α
j,i
)
dx1∧· · ·∧dxn . (6.6)
For an element A ∈ J 2U , one has
ι∗(X )(A) = X (ιA)
=
(∑
α
X 01. . .nαA
0α
+
∑
α,i
(X 1i1. . .nα + X
2i
1. . .nα )A
1α
i
+
∑
α
X
3i j
1. . .nαA
2α
i j
)
dx1 ∧ · · · ∧ dxn ,
=
(∑
α
X 01. . .nαA
0α
+
∑
α,i
(X 1i1. . .nα + X
2i
α )A
1α
i .
+
∑
α
1
2 (X
3i j
1. . .nα + X
3ji
1. . .nα )A
2α
i j
)
dx1 ∧ · · · ∧ dxn
(6.7)
The mapping ι∗ is therefore a restriction represented locally by
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X 2i21. . .nα2
,X
3i3i4
1. . .nα3
) 7−→
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
+ X
2i1
1. . .nα1
, 12 (X
3i3i4
1. . .nα3
+ X
3i4i3
1. . .nα3
)) (6.8)
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and being surjective, every second order stress S is of the form
S = ι∗X (6.9)
for some non-unique section X of L(J 1(J 1U ),
∧nT ∗S). Thus, whatever proper-
ties we deduce for elements of J 1(J 1U )will hold for their restrictions to Image ι.
We focus our attention in this section to the analysis of the action of a non-
holonomic hyper-stress field X on a section A of J 1U in the form
A 7−→
∫
B
X (j1(A)), (6.10)
and in particular, the compatible case where A = j1u, for a section u of U .
Using the operator pσ as in (3.10), one can extract a section Y = pσX of the
vector bundle L(J 1U ,
∧n−1T ∗S). The local representation of Y is∑
j,i,α
(
Y 01. . . ̂ . . .nα + Y
1i
1. . . ̂ . . .nα ∂i
)
⊗ дα ⊗ (dx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn) (6.11)
From (3.14) it follows that
Y 01. . . ̂ . . .nα = (−1)
j−1X
2j
1. . .nα , Y
1i
1. . . ̂ . . .nα = (−1)
j−1X
3i j
1. . .nα . (6.12)
We may now apply the general definitions of the operators pσ and div to the
case of non-holonomic hyper-stresses. Equation (3.17) assumes the form
divX (A) = d (pσ (X )(A)) − X (j1A), (6.13)
in which divX , a section of L
(
J 1U ,
∧n(T ∗S)) is represented locally by∑
α,i, j
(
X
2j
1. . .nα, j − X
0
1. . .nα + (X
3i j
1. . .nα, j − X
1i
1. . .nα )∂i
)
⊗дα ⊗(dx1∧· · ·∧dxn). (6.14)
One conclude that for Y = pσ (X ),∫
B
X (j1A) =
∫
B
d(Y (A)) −
∫
B
divX (A) =
∫
∂B
Y (A) −
∫
B
divX (A). (6.15)
Our attention will be focused henceforth on the boundary integral.
6.2. The hyper-surface stress. We will refer to Y = pσ (X ) as a hyper-surface
stress. The integration ofY (j1w) on the boundary ∂B as above induce the special
effects associated with hyper-stresses, such as surface tension and edge interac-
tion. Thus, most of the material below is concerned with the analysis of this
term.
Let Vbe an (n−1)-dimensional submanifold ofSand let ρVbe the restriction
of (n − 1) forms defined on S to forms on Vwhich is induced by the inclusion
T V → TS. Thus, for a given Y ∈ L(J 1U ,
∧n−1T ∗S) and a submanifold V
ρV ◦ Y ∈ L((J
1U )|V,
∧n−1T ∗V).
As in the case of stresses, the inclusionι0V : V
0 J 1U −→ J 1U . induces
ι0∗V : L(J
1U ,
∧n−1T ∗S) −→ L(L(TS,U ),∧n−1T ∗S), Y 7−→ Y ◦ ι0V , (6.16)
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represented locally by
(x,Y 01. . .̂ı . . .nα ,Y
1
1. . . ̂ . . .nα ) 7−→ (x,Y
1
1. . . ̂ . . .nα ), (6.17)
where a basis {dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn} of
∧n−1T ∗Shas been used.
Let (ya), a = 1, . . . ,n − 1 be local coordinates in an open set of V so that
(y1, . . . ,yn−1,xn) are local coordinates in S. The local representative of ρV ◦ Y
is of the form∑
a,α
(
Y 01. . .n−1α +
(
Y 1a1. . .n−1α ∂a + Y
1n
1. . .n−1α ∂n
))
⊗ дα ⊗ (dy1 ∧ · · · ∧ dyn−1) (6.18)
and that of ι0∗V (Y ) is∑
a,α
(
Y 1a1. . .n−1α ∂a + Y
1n
1. . .n−1α ∂n
)
⊗ дα ⊗ (dy1 ∧ · · · ∧ dyn−1). (6.19)
Here, ∂a denotes the tangent basis vector ∂/∂ya .
Remark 6.1. It is observed that since the bundleU under consideration is a gen-
eral vector bundle, it may be, in particular, the jet bundle of any other vector
bundle, and so, the procedure above may be used in an iterative manner for
hyper-stresses of any order.
In particular, consider the case where U = Jk−2W , for a vector bundleW .
The local representation of a section of U is of the form
(x,wα ,A1αi11
, . . . ,A
(k−2)α
i(k−2)1 . . .i(k−2)k−2
)
where each i-index has two identifiers the first of which indicates the order of
the corresponding tensor in accordance with the superscript. Thus, an element
of J 1U is represented locally in of the form
(x,wα ,A1αi11
, . . . ,A
(k−2)α
i(k−2)1 . . .i(k−2)k−2
;wα, j0 ,A
1α
i11, j1
, . . . ,A
(k−2)α
i(k−2)1 . . .i(k−2)k−2, jk−2
)
and an element of V 0 J 1U  L(TS, Jk−2W ), for which wα = 0, A1αi11
= 0, . . . ,
A
(k−2)α
i(k−2)1 . . .i(k−2)k−2
= 0, is of the form
(x,wα, j0 ,A
1α
i11, j1
, . . . ,A
(k−2)α
i(k−2)1 . . .i(k−2)k−2, jk−2
).
It follows that, ι0∗
V
(Y ) is of the form
(x,Y
0j0
1. . .̂ır0 . . .nα
,Y
1i11 j1
1. . .̂ır1 . . .nα
, . . . ,Y
(k−2)i(k−2)1 . . .i(k−2)k−2 jk−2
1. . .̂ırk−2 . . .nα
). (6.20)
In the last equation, the arrays Yp are symmetric with respect to the indices
ip1 , . . . , ipp .
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6.3. Invariant components of non-holonomic hyper-stresses. The inclu-
sion mappings of the various vertical subbundles of J 1(J 1U ) make it possible
to consider the induced projections, yielding invariant components of non-
holonomic hyper-stresses. Thus, we have the projections
ι∗123 : L(J
1(J 1U ),
∧nT ∗S) −→ L(V123 J 1(J 1U ),∧nT ∗S),
ι∗13 : L(J
1(J 1U ),
∧nT ∗S) −→ L(V13 J 1(J 1U ),∧nT ∗S),
ι∗23 : L(J
1(J 1U ),
∧nT ∗S) −→ L(V23 J 1(J 1U ),∧nT ∗S), (6.21)
all given by compositions with the corresponding inclusions. Locally, these
projections are given by
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X
2i2
1. . .nα2
,X
3i3i4
1. . .nα3
) 7−→ (x i ,X
1i1
1. . .nα1
,X
2i2
1. . .nα2
,X
3i3i4
1. . .nα3
),
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X 2i21. . .nα2
,X
3i3i4
1. . .nα3
) 7−→ (x i ,X 1i11. . .nα1
, ,X
3i3i4
1. . .nα3
),
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X
2i2
1. . .nα2
,X
3i3i4
1. . .nα3
) 7−→ (x i ,X
2i2
1. . .nα2
,X
3i3i4
1. . .nα3
),
(6.22)
respectively.
Of particular interest is the projection
ι∗3 : L(J
1(J 1U ),
∧nT ∗S) −→ L(V3 J 1(J 1U ),∧nT ∗S)  L(L2(TS,U ),∧nT ∗S),
(6.23)
represented locally by
(x i ,X 01. . .nα0 ,X
1i1
1. . .nα1
,X 2i21. . .nα2
,X
3i3i4
1. . .nα3
) 7−→ (x i ,X
3i3i4
1. . .nα3
). (6.24)
We will refer to elements in the image of ι∗3 as the significant components of the
corresponding non-holonomic stresses. Evidently, we have a natural inclusion
of significant components of second order hyper-stresses (as in Section 4.1) in
the collection of significant components of non-holonomic hyper-stresses and
a natural projection given by symmetrization. Specifically, the significant com-
ponents of a non-holonomic stress are of the form∑
α,i, j
X
3i j
1. . .nα ∂i ⊗ ∂j ⊗ д
α ⊗ (dx1 ∧ · · · ∧ dxn) (6.25)
and for second order stresses, X 3i j1. . .nα are symmetric in the i, j indices.
6.4. Contraction operations on significant components. In analogy with
the contraction mapping defined in Section 3, as a particular case of Remark
4.2, one can define a contraction mapping
C
1 : L
(
L2(TS,U ),
∧nT ∗S) −→ L(L(TS,U ),∧n−1T ∗S),
 TS⊗U ∗ ⊗
∧nT ∗S. (6.26)
To this end, one can simply use the identification L2(TS,U )  L(TS, L(TS,U ))
and use the definition in (3.8) and (3.9) forW = L(TS,U ). Consider the com-
position C1 ◦ ι∗3. For X ∈ L(J
1(J 1U ),
∧nT ∗S) represented as in (6.4), C1 ◦ ι∗3(X ) is
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represented by∑
α,i, j
X
3i j
1. . .nα ∂j ⊗ д
α ⊗
(
∂iy (dx1 ∧ · · · ∧ dxn)
)
=
∑
α,i, j
(−1)i−1X 3i j1. . .nα ∂j ⊗ д
α ⊗ (dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn). (6.27)
Let X : S → L
(
J 1(J 1U ),
∧nT ∗S) be a non-holonomic stress field and let V
be an (n − 1)-dimensional submanifold of S. Then, the inclusion ιV : V→ S
induces a restriction ι∗
V
of (n − 1)-forms onto V and so we have a field
τ = ι∗
V
◦ C1 ◦ ι∗3 ◦X ∈ L(L(TS,U ),
∧n−1T ∗V), (6.28)
the hyper-surface stress induced by the hyper-stress. It is noted that the surface
stress is not “tangent” to the surface as it acts on elements of L(TS,U ) and not
elements of L(T V,U ). In particular, one cannot perform a meaningful second
contraction on τ because of this reason.
6.5. Second contraction. Alluding to the last remark, one can perform a sec-
ond contraction on C1◦ι∗3(X ) to obtain an (n−2)-vector valued formC◦C
1◦ι∗3(X )
in S. Using the representation in (6.27), C ◦ C1 ◦ ι∗3(X ) is represented by∑
α,i, j
(−1)i−1X 3i j1. . .nαд
α ⊗
(
∂j y (dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn)
)
(6.29)
Thismay seem promising because such a form, valued inU ∗, would induce edge
forces, forces concentrated on submanifolds of dimension (n − 2). However,
as we show below, this form vanishes identically for symmetric (compatible)
significant components. Using
∂
∂x j
y (dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn) ={
(−1)j−1dx1 ∧ · · · ∧ d̂x j ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn , for j < i,
−(−1)j−1dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ d̂x j ∧ · · · ∧ dxn , for j > i,
(6.30)
it follows that the representation of C ◦ C1 ◦ ι∗3(X ) may be rewritten as∑
α,i>j
(−1)i+j (X 3i j1. . .nα −X
3ji
1. . .nα )д
α ⊗(dx1∧· · ·∧ d̂x j ∧· · ·∧ d̂x i ∧· · ·∧dxn). (6.31)
Sincewe expect that for the significant components of second order non-holonomic
hyper-stresses, X 3i j1. . .nα = X
3ji
1. . .nα , the form vanishes identically. This is of course
expected as we contract twice a completely anti-symmetric tensor with a sym-
metric 2-tensor.
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6.6. The tangent projection of jets and vertical jets for a given submani-
fold. Consider (J 1U )|V = ι∗VJ
1U for an (n − 1)-dimensional submanifold Vof
S and the jet bundle J 1(U |V) = J 1(ι∗VU ). One has a natural projection
pr : (J 1U )|V −→ J 1(U |V), given by A = j1u(y) 7−→ j1(u |V(y)), (6.32)
for any section u of U that represents A. Locally, pr is represented by
(ya ,uα ,A
β
i ) 7−→ (y
a
,uα ,B
β
b
), i = 1, . . . ,n, b = 1, . . . ,n − 1, (6.33)
where Bβ
b
= A
β
b
in an adapted coordinate system.
Evidently, pr is linear and we may consider
pr∗ : L
(
J 1(U |V),
∧n−1T ∗V) −→ L((J 1U )|V,∧n−1T ∗V), Z 7−→ Z ◦ pr. (6.34)
Locally, ifZ ∈ L
(
J 1(U |V),
∧n−1T ∗V) is represented by (ya ,Z 0α ,Z 1bβ ), then, pr∗(Z )
is represented by (ya ,Z 0α ,Z
1i
β
) with Z 1n
β
= 0.
We will say that A ∈ (J 1U )|V = ι∗VJ
1U is vertical if prA = 0, so that A is rep-
resented by a section which vanishes at π 1A together with its tangential deriva-
tives. The vertical jets form the vertical subbundle VV((J 1U )|V) = Kernel pr. Let
ya , a = 1, . . . ,n−1, be coordinates in a local chart on V so that y1, . . . ,yn−1,xn ,
is a chart in S. If (ya ,uα ,Aβ
b
,A
β
n) represent an element A ∈ (J 1U )|V, then, A be-
longs to the vertical subbundle if and only if uα = 0 andAβ
b
= 0, b = 1, . . . ,n−1.
Evidently, the fiber VV((J 1U )|V)|y is isomorphic to L(R,Uy)  Uy .
Remark 6.2. The normal bundle. While the isomorphism of VV((J 1U )|V)|y
with L(R,Uy)  Uy depends on the chart, one may construct a natural iso-
morphism of VV((J 1U )|V) with L
(
Ξ,U |V
)
. Here, Ξ is the subbundle of T ∗S|V
containing the annihilators of T V, Ξy = Ty V⊥, i.e., the one-dimensional sub-
space of forms ξ , with ξ (v) = 0 for all v ∈ Ty V. Let ρ : T ∗S → T ∗V be the
natural restriction. Then, φ ∈ Kernel ρ if and only if ρ(φ)(v) = φ(v) = 0 for all
v ∈ Ty V. Hence, we have the identification Ξ  Kernel ρ.
Let ι0Ξ : Ξ → T ∗S be the natural inclusion. Then, we have the surjection
ι∗0Ξ : TS→ Ξ
∗ and ι∗0Ξ(v) = ι
∗
0Ξ(v
′) if and only if φ(v −v ′) = 0 for any φ ∈ Ξ, i.e.,
v−v ′ ∈ T V. Thus, each element of Ξ∗ determines a unique element ofTS/T V,
and onemakes the identificationΞ∗  TS/T V. In fact, ι∗0Ξ : TS→ Ξ
∗
 TS/T V
is simply the natural projection on the quotient.
To construct an isomorphism
ιΞ : VV((J 1U )|V) −→ L
(
Ξ,U |V
)
, (6.35)
we first note thatVV((J 1U )|V) is a subbundle of (V J 1U )|V  L
(
TS,U
)
|V. In fact,
while L
(
TS,U
)
|V = (T
∗S⊗U )|V,
VV((J
1U ))y = Ty V
⊥ ⊗Uy = L
(
Ξy ,Uy
)
(6.36)
as vertical jets are exactly those elements for which the actions on tangent vec-
tors vanish.
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One may consider therefore the inclusion
ιVV : VV((J
1U )|V) −→ J
1U |V (6.37)
and the vertical projection of surface stresses
ι∗VV : L((J
1U )|V,
∧n−1T ∗V) −→ L(VV((J 1U )|V),∧n−1T ∗V), Z 7−→ Z ◦ ιVV.
(6.38)
If Z ∈ L((J 1U )|V,
∧n−1T ∗V) is represented by (yb ,Z 01. . .n−1α ,Z 1b1. . .n−1β ,Z 1n1. . .n−1β )
so that
Z (A) =
[∑
α
(
Z 01. . .n−1αu
α
+ Z 1n1. . .n−1αA
α
n
)
+
∑
α,b
Z 1b1. . .n−1αA
α
b
]
dy1 ∧ · · · ∧ dyn−1,
(6.39)
then, ι∗VV(Z ) is of the form (y
b ,Z 1n1. . .n−1β ), which in view of (6.35) is a represen-
tation of an element in L
(
L
(
Ξ,U |V
)
,
∧n−1T ∗V)  Ξ ⊗ U ∗ |V ⊗ ∧n−1T ∗V.
It is observed that one could define the vertical projection somewhat differ-
ently (though we keep the same notation) as
ι∗VV : L((J
1U )|V, (
∧n−1T ∗S)|V) −→ L(VV((J 1U )|V), (∧n−1T ∗S)|V),
 Ξ ⊗U ∗ |V ⊗ (
∧n−1T ∗S)|V, (6.40)
which could then be composed on the left with the restriction of forms. These
observations can summarized by the sequences
0 −→ VV((J 1U )|V)
ιVV
−−−−−→ (J 1U )|V
pr
−−−−−→ J 1(U |V) −→ 0
0 ←− VV((J 1U )|V)∗
ι∗
VV
←−−−−− (J 1U )∗ |V
pr∗
←−−−−− J 1(U |V)
∗ ←− 0,
(6.41)
where in the second sequence we wrote to dual bundles, rather than the linear
maps into
∧n−1T ∗V, for short.
We conclude that the vertical projection ι∗VV(Y ) of a hyper-surface stress Y =
pσ (X ) has an invariant meaning. It is somewhat reminiscent of the bending
moment in shell theory.
The restriction of the diagram in (6.41) to the vertical subbundle is of the
form
0 −→ VV(V (J 1U )|V)
ιVV
−−−−−→ (V J 1U )|V
pr
−−−−−→ V J 1(U |V) −→ 0
0 ←− VV(V (J 1U )|V)∗
ι∗
VV
←−−−−− (V J 1U )∗ |V
pr∗
←−−−−− V J 1(U |V)
∗ ←− 0,
(6.42)
or,
0 −→ Ξ ⊗ U |V
ιVV
−−−−−→ (T ∗S⊗U )|V
pr
−−−−−→ T ∗V⊗ U |V −→ 0
0 ←− Ξ∗ ⊗ U ∗ |V
ι∗
VV
←−−−−− (TS⊗U ∗)|V
pr∗
←−−−−− T V⊗U |∗
V
←− 0,
(6.43)
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where we have not indicated the restrictions for the various mappings.
6.7. Tangent surface stresses. We say that a surface stressZ ∈ L((J 1U )|V,
∧n−1T ∗V)
is tangent to the submanifold V if its vertical component vanishes. That is,
ι∗VV(Z ) = 0, or alternatively, Z
1n
1. . .n−1β = 0 for all β . From Equation (6.41), Z is
tangent to Vwhen it is in the image of pr∗. It is emphasized that there is no
natural projection of surface stresses onto tangent surface stresses.
Let Z ∈ L((J 1U )|V,
∧n−1T ∗V) be a surface stress tangent to V at some point
y ∈ V. Then, for a section w of U , and using the notation above,
Z (j1w(y)) =
[∑
α
Z 01. . .n−1αu
α
+
∑
α,b
Z 1b1. . .n−1αu
α
,b
]
dy1 ∧ · · · ∧ dyn−1 . (6.44)
It follows that Z determines linearly a unique element of L(J 1(U |V),
∧n−1T ∗V)
so that there is a natural isomorphism of the subbundle of tangent surface stresses
with L(J 1(U |V),
∧n−1T ∗V).
Consider the term
I1 =
∫
∂B
Y (A) (6.45)
appearing in Equation (6.15). Here Y is a section of L(J 1U ,
∧n−1T ∗S) and we
consider the case where the section A of J 1U is compatible, that is, there is a
section u of U with A = j1u. Let Z be the restriction of Y to ∂B so that
I1 =
∫
∂B
Z (j1u). (6.46)
Assuming that ∂B is piecewise smooth, let V ⊂ ∂B be a smooth (n − 1)-
dimensional submanifold. If Z is tangent to V, one may use (3.17) forW = U |V
and obtain ∫
V
Z (j1u) =
∫
V
d(pσ (Z )(u)) −
∫
V
divZ (u),
=
∫
∂V
pσ (Z )(u) −
∫
V
divZ (u),
(6.47)
where pσ (Z ) is a section of L(U |V,
∧n−2T ∗V), i.e., a vector valued (n − 2)-form
on V. Thus, the restriction of pσ (Z ) to ∂V induces an edge force on ∂V.
7. ADDITIONAL GEOMETRIC STRUCTURE
Our objective in this section is to introduce sufficient geometric structure so
that a hyper-surface stress may be decomposed into tangent and transverse com-
ponents relative to V. Such a decomposition will make it possible to determine
unique edge forces which are induced by the non-holonomic hyper-stress.
In analogywith (3.8) onewould attempt to use contraction onTS|V⊗
∧n−1T ∗V.
However, this cannot be done because there is no natural extension of forms
from
∧n−1T ∗V to ∧n−1T ∗S.
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Assuming that V is orientable, let n be a nowhere vanishing vector field in
TS|V which is transversal to T V and let N be the induced transverse bundle,
that is, Ny = {an(y) | a ∈ R}. Evidently, if S is a Riemannian manifold, the
metric induces such a transversal, normal, field. Thus, we have a decomposition
TS|V  T V⊕ N . (7.1)
Let φn be the 1-form on TS that annihilates T V such that φn(n) = 1 and let pr1
and pr2 be the projections giving the tangent and transverse components of the
decomposition. Then,
pr1 = Id − φn ⊗ n, pr2 = φn ⊗ n (7.2)
and we will use the notation vV = pr1(v), vN = pr2(v). Using adapted coordi-
nates, (vV)a =
∑
i (δ
a
i −φin
a)vi , (vN )i =
∑
j φ jv
jni , where φ j are the components
of φn. It is observed that pr2 induces an isomorphism
Ξ
∗
 TS/T V−→ N , [v] 7→ pr2(v) = φn(v)n. (7.3)
Next, we introduce some notation. Evidently, (T V⊕ N )∗  T ∗V⊕ N ∗. In
fact, if ι1 : T V → TS and ι2 : N → TS are the natural inclusions, then, the
projections ι∗1 : T
∗S → T ∗V and ι∗2 : T
∗S → N ∗ are the restrictions of forms
and pr∗1 = Id
∗
− n ⊗ φn, pr∗2 = n ⊗ φn. In particular, for every ψ ∈ T
∗S, it is
easy to verify that ψ = ψV + ψN , where ψV = ψ − ψ (n)φn = (Id
∗
− n ⊗ φn)(ψ )
and ψN = ψ (n)φn = (n ⊗ φn)(ψ ). In addition ψV(vN ) = 0, ψN (vV) = 0 so that
ψ (v) = ψV(vV) + ψN (vN ). In adapted components, ψV =
∑
a(ψV)ady
a , where
(ψV)a = ψa −
∑
j ψjn
jφa .
It follows that
L
(
TS,U
)
|V  T
∗
S|V⊗U |V  T
∗
V⊗U |V⊕N
∗⊗U |V  L
(
T V,U |V
)
⊕L
(
N ,U |V
)
,
(7.4)
and
L(L
(
TS,U
)
|V,
∧n−1T ∗V)  L(T V,U |V),∧n−1T ∗V) ⊕ L(L(N ,U |V),∧n−1T ∗V),
 T V⊗U ∗ |V ⊗
∧n−1T ∗V⊕ N ⊗U ∗ |V ⊗ ∧n−1T ∗V.
(7.5)
We will keep the notation pr1 and pr2 for the two projections of the product
in (7.5). The first component, Y := pr1(ι
∗
V (Y )) = (ι
∗
V (Y ))V ∈ T V ⊗ U
∗ |V ⊗∧n−1T ∗V, is represented locally by∑
a,α
Y
1a
1. . .n−1α ∂a ⊗ д
α ⊗ (dy1 ∧ · · · ∧ dyn−1), (7.6)
with
Y
1a
1. . .n−1α =
∑
i
Y 1i1. . .n−1α (δ
a
i − φin
a), (7.7)
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and pr2(Y ) = ι
∗
VV
(ι∗V (Y ))N ∈ N ⊗ U
∗ |V ⊗
∧n−1T ∗V is represented in the form∑
i, j,α
Y 1i1. . .n−1αφin
j∂j ⊗ д
α ⊗ (dy1 ∧ · · · ∧ dyn−1)
=
∑
i, j,α
Y 1i1. . .n−1αφin ⊗ д
α ⊗ (dy1 ∧ · · · ∧ dyn−1). (7.8)
The situation is illustrated in the following diagram.
0 ✲✛ N ∗ ⊗ U |V
pr∗2◦ιVV
✲
✛
ρ
(T ∗S⊗U )|V
pr
✲
✛
pr∗1
T ∗V⊗U |V
✲
✛ 0,
0 ✛✲ N ⊗U ∗ |V
✛
pr2◦ι
∗
VV
ιN
✲ (TS⊗U ∗)|V
✛
pr∗
pr1
✲ T V⊗ U |∗
V
✲
✛ 0,
(7.9)
where ιN and ρ are the natural inclusion of N and its dual, respectively; pr2 is
the isomorphism of (7.3).
Remark 7.1. One might try to decompose a jet into two components, one tan-
gent to V and the second normal to V. The two projections are well defined.
However, the projections do not endow (J 1U )|V with a structure of a direct
sum. This is because none of the spaces J 1(U |V) and J 1n (U |V) is a subspace of
(J 1U )|V, nor can it be made naturally isomorphic to a sub-bundle. For example,
if we were able to identify J 1(U |V) with a sub-bundle of (J 1U )|V, we would be
able to extend jets and we could restrict stresses to V.
It is now possible to perform contraction on the first component ι∗V (Y )V ∈
T V⊗ U ∗ |V ⊗
∧n−1T ∗V and obtain
τV(Y ) = C(ι
∗
V (Y )V) ∈ U
∗ |V ⊗
∧n−2T ∗V L(U |V,∧n−2T ∗V) (7.10)
which is represented in analogy with (3.9) as∑
a,α
(−1)a−1Y
1a
1. . .n−1αд
α ⊗ (dy1 ∧ · · · ∧ d̂ya ∧ · · · ∧ dyn−1). (7.11)
Substituting (7.7) and (6.12), the representation of τV(pσ (X )) is given in an
adapted coordinate system by∑
i,a,α
(−1)a−1(−1)n−1X 3in1. . .nα (δ
a
i −φin
a)дα ⊗(dy1∧· · ·∧ d̂ya ∧· · ·∧dyn−1). (7.12)
The field τV(Y ) represents tangent surface traction stress, as expected.
The construction leading to the determination of the tangent surface traction
(hyper-) stress is summarized in the following diagram..
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L
(
(J 1U )|V,
∧n−1T ∗V)
TS|V ⊗ U
∗ |V ⊗
∧n−1T ∗V
N ⊗ U ∗ |V
∧n−1T ∗V
Ξ
∗ ⊗U ∗ |V
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T V⊗U ∗ |V ⊗
∧n−1T ∗V
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∧n−2T ∗V
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tt
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tt
tt
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pr1
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
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pτ ''
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(7.13)
The generalized surface divergence of Y , a section of L
(
J 1U |V,
∧n−1T ∗V) is
defined now by
divVY (j1u) = d(τV(Y )(u)) − Y (j1u). (7.14)
With the representation of d(τV(Y )(u)) by(∑
α,a
Y
1a
1. . .n−1α,au
α
+
∑
α,a
Y
1a
1. . .n−1αu
α
,a
)
dy1 ∧ · · · ∧ dyn−1, (7.15)
and the representation of Y (j1u) by(∑
α
Y 01. . .n−1αu
α
+
∑
α,a
Y
1a
1. . .n−1αu
α
,a +
∑
α,i, j
Y 1i1. . .n−1αφiu
α
, jn
j
)
dy1 ∧ · · · ∧ dyn−1,
(7.16)
divVY (j1u) is represented by(∑
α,a
Y
1a
1. . .n−1α,au
α −
∑
α
Y 01. . .n−1αu
α −
∑
α,i, j
Y 1i1. . .n−1αφiu
α
, jn
j
)
dy1 ∧ · · · ∧ dyn−1,
(7.17)
which evidently depends on the derivative of the vector field in the direction
of the transverse vector n. This is of course is the reason why the divergence of
the hyper-surface stress acts on the jet of generalized velocity u rather than the
values of the field itself as in the case of simple stresses.
Remark 7.2. One may attempt to view the term
∑
α,a, j Y
1i
1. . .n−1αφiu
α
, jn
j as the
action of ι∗VV(Y ). However, as opposed to (6.40), u
α
, j cannot be viewed as com-
ponents of an element in Ξ ⊗ U ∗ |V. It is only the additional structure induced
by the vector field n that induces the annihilator φiuα, jn
j . (It is true, of course,
GEOMETRIC ANALYSIS OF HYPER-STRESSES 27
that any other annihilator of T Vmay be expressed as a product of φiuα, jn
j with
a scalar valued function.)
Remark 7.3. Evidently, the derivatives
Y
1a
1. . .n−1α,a =
∑
i
[
Y 1i1. . .n−1α (δ
a
i − φin
a)
]
,a
include the derivatives of the transverse vector field n and the associated form
φ which indicate the “curvature” associated with the field n.
Remark 7.4. Clearly, for Riemannian manifolds, the unit normal vector fields
provide the necessary structure for all (n − 1)-dimensional submanifolds.
8. BOUNDARY STRESS AND EDGE INTERACTIONS
Using the definition of the surface divergence in (7.14), one can now write
the boundary integral corresponding to Y = pσ (X ) in (6.15) as∫
∂B
Y (j1u) =
∫
∂B
d(τV(Y )(u)) −
∫
∂B
div∂BY (j1u).
If ∂B is smooth and n is a smooth field, one may use Stokes’s theorem and
conclude that ∫
∂B
d(τV(Y )(u)) =
∫
∂(∂B)
τV(Y )(u) = 0. (8.1)
On the other hand, it will be assumed henceforth that
∂B =
M⋃
m=1
Vm, (8.2)
where each Vm is a smooth (n − 1)-dimensional submanifold of S so that the
intersection
Elm = ∂Vl ∩ ∂Vm (8.3)
is either empty or an (n−2)-dimensional submanifold with boundary of S. We
will refer to Elm as the edge between Vl and Vm . Naturally, it is assumed that
the field n is smooth in each Vm so that the same applies to both τVm and divVm .
Thus,∫
∂B
Y (j1u) =
M∑
m=1
∫
Vm
d(τVm (Y )(u)) −
M∑
m=1
∫
Vm
divVmY (j
1u)
=
M∑
m=1
∫
∂Vm
τVm (Y )(u) −
M∑
m=1
∫
Vm
divVmY (j
1u),
=
∑
m>l
∫
Eml
(τVm (Y ) + τVl (Y ))(u) −
M∑
m=1
∫
Vm
divVmY (j
1u).
(8.4)
The integrals over the edges Eml represent edge interactions, as one would ex-
pect.
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It follows that Equation (6.15) may be rewritten for A = j1u as∫
B
X (j1(j1u)) =
∑
m>l
∫
Eml
(τVm (Y ) + τVl (Y ))(u) −
M∑
m=1
∫
Vm
divVmY (j
1u)
−
∫
B
divX (j1u).
One observes that since divX is a section of L
(
J 1U ,
∧n(T ∗S)), a simple varia-
tional stress, we may apply the definition of the generalized divergence (3.17)
to it, and so
divX (j1u) = d(pσ (divX )(u)) − div(divX )(u). (8.5)
Here, similarly to a traction stress pσ (divX ) is a section of L
(
U ,
∧n−1T ∗S) and
div(divX ) is a section of L
(
U ,
∧n(T ∗S)) , similarly to a body force. Using (3.20)
and (6.14), div(divX ), a section of L(U ,
∧nT ∗S), is represented locally by∑
α,i, j
(X
3i j
1. . .nα,i j − X
1i
1. . .nα,i − X
2i
1. . .nα,i + X
0
1. . .nα )д
α ⊗ (dx1 ∧ · · · ∧ dxn). (8.6)
Equation (3.14) implies that pσ (divX ), a section of L
(
U ,
∧n−1T ∗S), is repre-
sented by∑
i, j,α
(−1)i−1(X 3i j1. . .nα, j − X
1i
1. . .nα )д
α ⊗ (dx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn) (8.7)
and its restriction to ∂B is represented in chart adapted to the submanifold in
the form (only the term above with i = n does not vanish in the restriction)∑
j,α
(−1)n−1(X 3nj1. . .nα, j − X
1n
1. . .nα )д
α ⊗ (dy1 ∧ · · · ∧ dyn−1) (8.8)
—a “body force”-like object on the boundary.
We conclude that,∫
B
X (j1(j1u)) =
∑
m>l
∫
Eml
(τVm (pσ (X )) + τVl (pσ (X )))(u) −
M∑
m=1
∫
Vm
divVmpσ (X )(j
1u)
−
∫
∂B
pσ (divX )(u) +
∫
B
div(divX )(u).
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